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Aims and scope

We discuss non-geodesic corrections to orbital and epacirelquencies of charged test particles orbiting a noatnag) neutron star with a dipole magnetic
eld. Using a fully-relativistic approach we consider inaice of both the magnetic attraction and repulsion on thigabdnd epicyclic motion. The magnetic
repulsion introduces a rather complex and unusual behawgide circular orbital motion that is well de ned down toaadius where the vertical epicyclic
frequency looses its meaning. We demonstrate that for siitenf the magnetic interaction appropriately restrigtéak stable circular orbits extend down
to the magnetic innermost stable circular orbit (MISCOY) tkdocated well under the geodetic innermost stable carcatbit (GISCO) and even can reach
region under the photon circular orbit. The lowest stabteutar orbit atrMISCO = 2:73V1, associated with the highest possible orbital frequefedf =
3284 Hz (BM =M), corresponds to the critical value of the particle spechame and the neutron star magnetic dipole moment pra@udt; = 1:87M 2

. For the magnetic attraction acting above the GISCO, thmsdn is much more simple and we demonstrate that the nmgstant correction arises for
the radial epicyclic frequency and consequently for thatlimn of the MISCO when strong magnetic attraction pustse®dation far behind the location of
GISCO. We show that the Lorentz force also naturally viddbe equality of the orbital and vertical epicyclic freqares implied by the spherical symmetry
of the background Schwarzschild geometry giving rise thve efect of nodal precession of the orbital motion plane afinwe apply the magnetic-attraction
corrections on the Relativistic Precession model of the{meak high-frequency quasiperiodic oscillations obséin the Galactic Low Mass X-ray Binaries,
illustrating possible relevance of the modi ed radial equlic frequency.

Circular orbital motion in a dipole magnetic eld on the Schwarzschild
background

Solving the vacuum Maxwell equations on the background efShhwarzschild spacetime geometry for a static magngim@&imoment , parallel to the
rotational axis of the star, one obtains formula for an eatdr > R , whereR is the neutron star radius) four-potentfal [22, 7],
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In case of potential (1), the Maxwell tendér has only two independent nonvanishing components,
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Intrinsic magnetic dipole moment of a neutron stazan be obtained from the presumed magnetic eld streBgiky, at the neutron star surface. For a static
observer located at the equator of the star with raRiughe linear relation for andBqc4 reads
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For a neutron star with a rather weak magnetic eld strengths 10’ Gauss ' 2:875x10®m !, massM = 1:5M and radiusR = 4M, we have
=1:06x10%m? (B [cm 1] = (G¥?=¢) B [Gauss]' 2;875x10%°B [Gauss)).

We con ne ourselves to studying only circular equatorialtimo with appropriate four-velocity = (U!;0;0;U ). Solving the radial component of equation

of motion (g g=mis the speci c charge of the particle)

ddi+ UU =gF U (4)
together with the normalization conditidh U = 1 we obtain two pairs of the nonzero componenttlofand the appropriate angular velocities
S
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Here ( r), (r)and( r) are given by
g
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For uncharged particles we arrive at the Keplerian geodiesicwith orbital angular velocity (g=0)= ( = P M=r3,

The existence of the circular orbits is limited by the coiuditthat bothU! andU, take real values. The reality conditions related to the ritada of the
magnetic interaction given bgy are given by the relations

4% M) 2g (N[ g () @ >0; 4Mr¥r 3M)+(g (r)*> 0 (7)

The rst of these conditions is satis ed for all values gf at all radiir > 2M. The second condition puts limit on the allowed valuesgof at radii
2M < r < 3M. The limit region starts forgy = 0 atr = 3M, reaches its maximum off = 197IM? atr = 2:44M and takes the value of
g = 1333M2forr! 2M.
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Fig. | Left: The orbital frequency = =2 as a function of the speci c chargeand radial coordinate for the test neutron star with= 1:5M and

= 1:06 x 10*m?. Right: Intrinsic magnetic dipole moment of the star as a function of the star radRsand mas# for a xed magnetic eld strength
B at the star surface. The z-axis is scaled in relative unitsBf while the colour scaling at the 3D-plot surface shows vahfes for B = 10’ Gauss =
2:875x101%m 1.

Epicyclic frequencies and stability of circular motion

The epicyclic motion along a stable circular orbit, giventbg conditiondVess =dr = 0O, is governed by the second derivatives of the effectivenia@ke In such
approximation the effective potential takes the form cgprding to the linear harmonic oscillation, therefore,rddial and vertical epicyclic frequencies are
related to the effective potential by
| 2 @Veff . | 2 @Veff . (8)
l @t ! @2
Clearly, vanishing of the radidl, and vertical epicyclic frequencies generally determines the margirsaible circular orbits that are de ned by vanishing
of the second derivatives of the effective potential, mgtthus limits on the existence of astrophysically impadr&able circular orbits.
Formulae for the radial and vertical epicyclic frequenata charged test particle in the presence of a general efeafynetic eld have been derived by [1, 2].
One may obtain the formulae by perturbing the particle'stmosaround the circular orbifr; ) = (ro; =2), I.e., by presumingthat ( )=z ( )+ ()
where ( ) is a small perturbation. Substituting this into the equatbmotion (4) and restricting to rst order terms in one arrives at the relation for
that takes the form of an equation for a linear harmonic ko, ¢ 2=dt?>+ ! 2 2= 0, wherea 2 (r; ), with the appropriate epicyclic frequencies de ned as
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Note that the derivatives in Eg. (9) must be taken on the Eirarbit(r; ) = (ro; = 2) with the constant8li(ro; =2)andU (ro; =2). In the Schwarzschild
spacetime geometry and magnetic eld (1) the explicit egpiens for the epicyclic frequencies are given by
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One can easily check that in the absence of the Lorentz forse(( org=0 thepexpressions for epicyclic frequencies merge into tel-known formulae
for geodesic motion in the Schwarzschild geometry= ¢ = M=r3; !, = M((r 6M)=r2
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Behaviour of the corrected frequencies, MISCO and origin ofa new
nodal preccesion frequency

The existence of real values of the radial epicyclic freaqyén implies the stability of the circular orbit with respect tmall radial perturbations (which lead
to oscillation behaviour of the perturbed radial coordenatt the orbiting particle). Analogically, the existencetloé vertical epicyclic frequency implies the
stability of the circular orbit with respect to small vedlgerturbations.
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Fig. Il Top left: Contour plot of the radial epicyclic frequency= ! ;=2 as a function of the speci c charggand the radial coordinatdop right: Same
as the left panel, but for the vertical epicyclic frequency ! =2 . Bottom left: The region of stable circular orbits lled up by the contolotof the orbital
frequency = =2 . Bottom right: Same as the left panel, but lled up by the contour plot of tieea precession frequency. Plots are constructed for
teststaroM =1:5M and =1:06x10*m?.

Region of global stability is naturally de ned by the intecsion of regions where the radial and vertical epicyclenfrencies take the real values. As shown
in the bottom left panel of Fig. Il, there exists a criticalu@ of the speci ¢ chargegi:, inside the area of the repulsive Lorentz force, such thagfe €

the boundary of the region of stable orbits in ther plane is de ned by thé = 0 curve. Forg< i, the boundary of stable orbits region is formed by
the curve oft , = 0. These curves thus de ne the location of the marginallyIstabit for particles of a givergwith a xed . For such orbits we introduce
the term MISCO (Magnetic Innermost Stable Circular Orlmt)listinguish them from the corresponding geodesic innstsiable circular orbits that we will
refer to as GISCO. In the Schwarzschild spacetimgsco = 6M . It is, therefore, clear that the repulsive Lorentz foroeegirise to a new class of stable
circular orbits withr < r gsco = 6M that extends below the circular photon orbit. The critidahiged. corresponds to the lowest MISCO orbit with
radial coordinateMISCO = 2:73V1 and the highest possible orbital angular frequen®$* for a given mass of the neutron star. The locatioMbSCQy,
orbit is given by the condition that equatiohs = 0 and! = 0 are ful led simultaneously, the critical value of the pradwf the particle speci ¢ charge
and the neutron star magnetic dipole moment is thus givef@by,i: = 1:86M 2. For the test neutron star & = 1:5M and = 1:06x10%m?, we have
it = 8:76x16%and M = Max=p = 3124Hz.

The presence of the Lorentz force also violates the  equality implied by the spherical symmetry of the backgib&ehwarzschild geometry and it gives
rise to the new nodal precession of the plane of the orbitdilanavith the frequency given by the formula(r) = (r) (r). The phase of new nodal
precession is opposite for attractive and repulsive magimgeraction (see bottom left panel of Fig. II).

Applications to the relativistic precession QPO model

The widely discussed RP QPO model identi es the frequenaidise lower and upper QPO peaks &nd , respectively ) as

()= () (r); ulr)= «(r); (12)
where « (r) and ((r) are the orbital and radial epicyclic frequencies [17]. Thatal and epicyclic frequencies also play a signi canteral the QPO models
dealing with warped disc [9] and tori [5] oscillations. Ounclusion is therefore touching directly not only the hadtsinematic QPO models, like the RP
model, but also the "disc or torus oscillation - like” QPO reted It has been shown by [4] that these relations qualébtiwell describe the trends presented in
the observational data, but the characteristic mass ofaestars in LMXBs obtained by such t8)  2M , is high in comparison with the canonical value,
M  1.4M . Considering in the RP model the the corrected frequenotesduced above, the new ts can provide the charactems&idron star mass close
to the canonical value. We illustrate this nding in Fig. for the intrinsic magnetic dipole moment of the stars 1:06 x 10*m 2, and the speci ¢ charge
of the orbiting matterg = 5x 18° when the effective innermost stable circular orbit is hiftorg;sco 7M. Such a rough t for a wide set of LMXBs is
shown together with the ts for a pure Schwarzschild geodeases wittM =2M [4] andM = 1:4M .

A natural implication of the RP model (and several other nig)ddenti es the highest observed frequency of a particataurce with the orbital frequency at
ISCO. It is then possible to derive the mass of source usiisgdirect identi cation [10, 14]. Even here straightforwdareplacing the geodesic ISCO orbital
frequency by the corrected EISCO one provides a signi cattrease of the estimated mass. Moreover, it was shown bylja0the lowering of the radial
epicyclic frequency corresponding above discussed coorecmay in general signi cantly improve the quality of the based on the RP model.
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Fig. Il The RP model rough ts of the observational twin peak kHz QPR®ador a wide set of LMXBs. The thick solid curve refers to tese with
M = 1:4M and the orbital and epicyclic frequencies being correctethb presence of the Lorentz force induced by the speci cgdaf orbiting matter,
g = 5x108°% and the star intrinsic magnetic dipole moments 1:06x10*m 2. We also present ts corresponding to a pure geodesic casedashed
curves) forM =2M that was discussed by [4] including data from [8, 23, 15, 4].
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