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ABSTRACT

We explore some properties of twin kilohertz quasiperiamcillations (QPOs) in a simple toy-model consisting of wgeillation
modes coupled by a general nonlinear force. We examine aes@fiects by slowly varying the values of the tunable, and nearly
commensurable, eigenfrequencies. The behavior of thalazsuillation frequencies and amplitudes during a slowditéon through
the 3:2 resonance is examined in detail and it is shown thidit &K@ significantly fiected by the nonlinearities in the governing
equations. In particular, the amplitudes of oscillatioafiect a resonant exchange of energy between the modes, aslathe
initially weaker mode may become dominant after the tramsitWe note that a qualitatively similar behavior has beecently
reported in several neutron star sources by Torok (20089, found that the dierence of amplitudes in neutron star twin peak QPOs
changes sign as the observed frequency ratio of the QP Oasgtissugh the value 3:2.
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1. Introduction The appearance of rational ratios (maink3:2) be-

o ) tween the centroid of twin peak QPOs points at a non-
There is little doubt that kHz QPOS observed in low mass )ﬁnear Coupling between fierent modes of oscillations
ray binaries originate in the inner region of accretion disk (Apramowicz & Kluzniak [2001). The importance of a res-
the neutron star or black hole sources. The very fact thaethnant process was also pointed out by Psaltis & Norman
quasi-periodic modulations are observed in the X-ray flux, i (2000); [Kiuzniak & Abramowidz [(2001)] Titarchukl (2002);
in the most luminous part of the source spectrum—and at {Rfzniak et al. (2004) and investigated in more detail,..e.g
same time at high photon energies—implies an origin in the iy [Abramowicz et al. [(2003b)l_Rebusch (2004); Horak ét al.
ner part of the accretion flow, where most of the gravitatipea (2004)]Lee et 21/ (2004); Horak & Kards (2006).

tential energy of the accreting matter is released. Tim#igtt One example of an investigation of resonances between spe-

arguments also imply that a kHz modulation of unbeamed radi-. : . ; -
ation must originate i a region not larger thart.00 km, with cific modes in an accretion disk can be found in the wotk of Kato

an even sharper bound when the high degree of coherence o ). who_proposed a mo_del In W.h'Ch the two kHz Q.P.OS are
observed modulation is taken into account. ;‘e t?].a nonlinear é?slf”agt mteraqﬂon betweenbthg dmm:ﬁ
n the present paper we focus on kHz QPOS that show UpH) e non-axisymmetric rotating neuron Sar. Both kalosc
parrs, the so called twin peak QPOs (MMZOQO' Ffions are localized close to a resonant radius, wherentle- i
areview), and we assume that they correspond to oscilR06n 4(ion with the perturbation is most prominent. The spatiak-
an accretion-disk structure. Reproducible features afaiégh- ity of the two oscillations may facilitate an internal cegnce
frequency QPOs imply that they re_flect some fun_damental-pr%tween them. As pointed out recentlylby Mao étlal. (2008), a
erties of the systems, such as their mass and spin. resonance may occur between two modes with non-overlapping

Many models have been proposed, some involving Qfravefunctions, when it is mediated by a traveling wave. heot
bital motions [(Kluzniak et al. 1990; Stella & Vietri 1999)th-  words, the two oscillators in resonance need not be locategi
ers _based on oscillations of the accretion disk (Wagongsme annulus of the accretion disk. More recently Kato (008
11999;[Wagoner et al. 2000; Kato 2001, 2004a, 2005a.b./ 20@8faxed the local approximation and analyzed the nonliresar-
Pétri [2005; Péir[ 2006) and of tori_(Rezzolla etlal. 20@3b, nant excitation of inertial-acoustic disk oscillationsdeformed
Bursa et al. 2004; Montero etlal. 2004, 2007: Blaes et al. )20Qfisks (a warped disk or a one-armed pattern symmetric with re
;LS_thﬂnmn_&BszdI@lQOKi;lanpﬂi_etLaLZQDi_ﬂﬂoréspect to the equator).
)W'\ﬂﬁ:sr: ﬂ;f;eiﬁfel:;%?iegsgmvgﬁ%v;%:g%r:roscﬂlatowm _Ot_her QP_O models involve vortices in th_e disk or mag-

' ' netic interactions. For example Tagger & Varniére (2006)-s

gest the formation of two or three Rosshy-wave vortices in mi
Send offprint requests to: horak@astro.cas.cz croquasar disks, while Li & Narayan (2004) suggested a model
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in which the two QPOs are identified with two Rayleigh-Taylor
or Kelvin-Helmholtz unstable modes developed at the inter- r
face between the disk and the magnetosphere. Similarlpeint 1|
Alfvén wave oscillations model (Zhang 2004; Zhang et ab20 |
the two QPOs correspond to the Keplerian orbital frequendy a £
the frequency of the Alfvén waves excited at the same radiu§
Itis less clear whether the resonant interaction desciiibéus
paper would apply to those models as well.

In this paper we consider some general properties of nof-
linear resonance that may be applicable to many systems. \ﬁ/eo'05 B
specify neither the physical nature of the oscillatorsthercou- & -
plings necessary for a resonance to occur. In the contextinf k= L
QPOs, the oscillators could be taken to be eigenmodes otthe a
cretion disk or of an associated structure, perhaps oneadjr
discussed in the extensive theoretical literature citesvabWe r
do not address the crucial question of the excitation andodam 0 : I : I :
ing of the modes in the turbulent disk, particularly when MRI 1.47 1.48 1.49 1.5
induced turbulence is present (in the framework of two cedpl Eigenfrequency ratio
oscillators this issue was adressed already by Violet a0§p0
Eventually, one would hope to identify such resonances n

less e

nIlz'ig. 1. Regions where a resonance is present (resonance

merical models of accretio_n flow. It is only_recently thetrilim ‘tongues’) in the plane of the eigenfrequency ratio and the t
modes have started showing up in numerical smulaﬂ@Kq | energy of oscillations. Each point in the plane corresisao

2004bi Brandenbutg 2005; Arras eflal. 2006; Reynolds & v IiII‘?)nesin le, £)-disk and dfferent regions to diierent topologies
. - . glef.&)-diskar regl pologi
2008; | Machida & Matsumoto_2008). It may be premature g ,ocq gisks (see Figl 2). Regions (A), (B) and (C) corragpo

!{poképrka nutrPerle[aI Vt"?‘ll'tdat'g.n t(')f t?? idea of FeSQ“a”:;g ré€ + zero, one, and two fixed points in the £)-disk. The parame-
ion disks, at least until two distinct frequencies ina &aare o of the system are given in the text.

identified with some regularity in the simulations. Nevel#ss,
numerical work may already betering new insights.
In what follows we review some general properties of intefe g. [Nayfeh & Mook 1979) we find the lowest order real dis-

nal resonance and investigate the amplitude evolutionebth placements in the form:

cillations by modeling a slow passage of the frequenciesidn

the 3:2 resonance. The results presented in this paper age mg(t) = R [Af(t)eiwet], Xu(t) = R [Au(t)eiwut] ) (3)

relevant to neutron-star QPOs where the frequencies wander

over hundreds of hertz on the time-scale of several houas, thThe higher-order terms add only higher harmonics to the

to black hole QPOs, whose frequencies are more stable. quasiperiodic signal described by these solutions. The wli&i
ference with respect to the solutions of a linear systemtaat t
the complex amplitudes

2. Mathematics of the internal resonance

1 i 1 i
We model the QPOs using two coupled nonlinear oscillatof$(t) = Ew(t)e'""‘”, Au) = Qau(t)el%(t) )

governed by the equations ) ) )
depend on time. We will refer to the actual frequencies of the

K + w?x{» = w{? fo(Xes Xus Xe» %), (1) so!ution,@; andwy;, as the “_observed frequencies.” They are
. 2 2 oo shifted with respect to the eigenfrequencies by the camest
Xu+ wgXu = wg fu(Xe, Xus X, Xu)- (2) Awe = ¢y andAwy = dy.

The oscillations underlying the upper and lower QPOs are-ide V\f assume ten_ergg cqnse[Lva?on,t_so trlle two real amplitudes
tified with the dimensionless solutiomg(t) andx,(t). The cou- may be parameterized using the fractional en¢igy
pling functionsf, and f, are treated as a perturbation, and are, 5 E
further assumed to contain only nonlinear terms and to be @-=¢E, a5=(1 —5)7 0<é<1, (5)
variant under time inversion (e.g., their Taylor expansietart
with the second order and do not contain odd powers of the timbere E = a? + va is the total dimensionless energy and
derivativesx;, x,). The codficientsw, > 0, andw, > 0 are the v is a constant that depends on the properties of the system
eigenfrequencies of the two oscillators. (Horak & Karas 2006). Similarly, we introduce the phasecfun

In order to study the most relevant resonafieets, we tiony(t) as
concentrate on the case when/w, is close to 3:2. We
chose this resonance as it is most prominent in the QPO data 2¢y — 3¢ + ot (6)
(Abramowicz et all. 2003&; Torok etlal. 2008). The degree
closeness to the rational ratio is expressed by the detyang
rameteror = 2w, — 3wy.
~ Our analysis is applicable when the amplitudes of oscillgy,* _ 3w} = o — 3¢ + 2py = ¥. (7)
tions and the detuning parameter are small and are such that
a ~a, ~ € < 1ando ~ € respectively. In that case, per-Hence, the observed frequencies are commensurable whieneve
turbation techniques can be used to find approximate sokitioy = 0, even if the eigenfrequencies are not exactly so (the devi-
of the equationg{1) anfl(2). Using the method of multipléesca ation is proportional te 2).

cftne diference &} — 3w} expressed using the frequency correc-
tions is
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The dynamics of the system is then governed by the two firgtigure[1 shows these regions for the system described by the

order ordinary dferential equations fiducial set of parameterg8,= y, = uy = 1,v = 9/4.

Some examples of the three possible topologies ofjth®
E= },Bwu(l — &)(€E)*?siny, (8) diskaregivenin Figuriel 2. All of them contain circulatingjerc-
8 o tories for whichy(t) monotonically increases or decreases in the
o 1 Hu 1 12 full range (e.g., < y < 2x). The ratio of observed frequencies
Y=oty wuE [’Wf + 7(1 —+ Z'B(3 —%)(¢E) Cosy]’(g) can be expressed (with an accuracy of up*oas
wherep, uy, andu, are as yet unspecified dimensionless con- ~ x 3 5
stants characterizing a given system. R*=— = > (1 + 5 ) (12)

The values of the system parameters follow directly from @We “Wu

the codficients of the Taylor expansions of the functidipaand , . .
f, and depend on the particular physical model. For examp ence, this ratio is always greater or smaller th&histhe sys-

4) studied small nonlinear epicyclic osltet in m evolves along the circulating trajectories with insiag or

nearly geodesic orbits of test particles in Schwarzsclghts- declreas(,jlg_?{, respl)ectlvttaly.th ¢ disk tai
time using the method of multiple scales. Later, EEEEE &aéa n addition, closer to the resonance, thed)-disks contain

. L : fixed point that corresponds to an extremum of the function
(2006) generalized her approach to motion in an arbitrar X o Lo L
isymnzegt]ric gravitational Egld. In both works the radial Zn (7. ). Th's pointis alway_s surroun_ded _by librating orbits with
vertical oscillations of the particles are governed by ¢igna WO turning points whereg changes its sign. When the system

of the form of and[R), e.g.. equations (14) and (15 iﬁ)llows these trajectories the pbsgrved freqlljency.ratixdlatfes
Horak & Karas (%())QG). I\ES(Z))reovger, thqe latter W(ork) contai(ns)ex"‘.ro.und 3:2. The regions of librating a_nd C"C“'?“”g orl;_nte
plicit formulae for the constanfs; 1, andy, in terms of deriva- dlv_|dteth]y a sepadratrl_x.t\_Nhen tdh(ﬁ 6—‘)—d_|s:< Fomha'nhstthw‘zt:')?ed
tives of the &ective potential [see the relations after their equ>!NtS; (€ Second pointis a sadadle point, In which the dtayy
tion (68)]. In addition, a general form of the equatiolls (a}ia crosses itself. Conseqyently, it takes |nf|n|t¢ time forsysi.em
@) is suitable for studying resonance phenomena ffextint to reach the saddle point from any other point on the separatr

physical conditions. Horak (2008) examined nonlineagriat-
tion between two epicyclic modes of a slender accretionstor
sequation (6) in his paper represents a particular exanipheo

general equations discussed here. _ _ Let us now suppose that the eigenfrequencies are tunabkrand
Both, £(t) andy(t), are slowly varying functions of time, they sybject to small slow changes. More specifically, we comsfue
describe a slow modulation of amplitudes and phases duig gase when the eigenfrequencies and couplings are slowhgeha
oscillations. The amplitude modulation occurs on the dttafa jng and the system gradually passes through the resonaece. W
istic time scaletmod = € “loso With tosc = ;™ being the char- concentrate on that part of this process in which the eigenfr
acteristic timescale of the oscillations. The two ampkisi@re quencies are close to the rational 3:2 ratio. We assumeltaat t
anticorrelated and the variationso€orrespond to an exchang&ta| relative changes of the eigenfrequencies are smiathéo
of energy between the modes that keeps the total energy of #iger ofe?), and the timescale for this change,is much longer
oscillations E, constant. Since the oscillations are nonlinear, thgan any other timescale connected to the nonlinear oseila
observed frequencies are periodically modulated reflgdtie  (in particularT > t mo).
modulation of the amplitudes. In the context of QPOS this pro | general, the oscillations of the system are the solutions
cess has already been discussed by Horak et al.|(2004) in G ations[(1) and(2), wheter andw, as well as the nonlinear
nection to the correlations between the QPO frequencieg@ndsnctionst, andf, are known functions that depend explicitly on
phase of the normal-branch oscillations (NBOs) Yu e{al0B0 (ime. Since the characteristic timescale of the prod@eissmuch
The time-evolution of the system can be studied _d'reCthfSngerthart mog, the only change in the equatiofis (§)—(9) is that
from e_quatlonsEGS) and]9) or with the aid of another integrghe eigenfrequencies;, andw, and the cofficientss, u, u, and
of motion v become slow functions of time. Close to the resonance, the os
8o m cillations are most sensitive to the change of the deturémgmp-
— 1/2 . .
F =& - tué+(2-8+p1-EE)""cosy|. (10) etero(t) = 2wy(t) — 3we(t), while they are practically uigected
by small changes of the other quantities. This is becausecthe
Different solutions trace fllerent curves=(y, &) = const in efficients of the other terms in equatiofi$ (8) (9) are always
the (, &)-disk. For given values of the paramet@rsu,, uy, E  multiplied by small quantities (of the order ef e 2 and~ € ).
ando there may exist several fixed points in this disk, each rejde do not consider the “singular” case when the two eigenfre-
resenting strictly periodic oscillations of the systemeyltor- quencies are nearly correlatedas~ 1.5w,. Because the char-
respond to oscillations whose amplitudes are not modukatdd acteristic timescale of passage through resonance is takemn
whose phaseg,(t) and ¢,(t) are linear functions of time that much longer than that of the resonant modulation we may ne-
adjust the frequencies of oscillations to the exact 3:»rdthe glect time derivatives of- andE in the evolution equations (8)
fixed points are either extrema or saddles of the functigsy) and (9) that describe the evolution of the system on the tales
and their positions in they(¢)-disk are given by the conditionst mog.

& = y = 0 imposed on equationEl(8) arid (9). Generally, their As the system passes through the resonance, the topol-
y-coordinate equalkr with k being an integer. ogy of the §, &)-disk gradually changes. The system trajectory
The number of fixed points in the(£)-disk depends on the [y(t), £(t)] does not strictly follow the curves(y, &) = const be-
energyE and on the detuning parameterFor a fixed value of cause the ratio/E ~ 1 is changing significantly. Indeed both
wy, the latter quantity is given by the ratio of the eigenfremjue quantities are of the order ef and the change of the total energy

cies,R = wy/w¢. Hence, it is possible to indicate regions in thé& is negligible because the relative change @ proportional
(R, E) plane for which diferent number of fixed points exists.to €2. Accordingly, in the following, we take = const.

u?z. Slow passage through the resonance




4 J. Horak et al.: Internal resonance in neutron star kilah®@POs

Fig. 2. Three possible types of topologies of the4)-disk denoted in Fid.]1 as A, B and C (left, middle and righgpectively). The
polar angle and the distance from the origin represent thsefunctiony and the fractional energy respectively. The values of
the total energy and detuning parameter correspondingegetbxamples are-(w,, E) = (0.005 0.1), (0.025 0.1) and (002 0.1).
Each curve corresponds to a solution of the governing espsf[B) and[(9). The disks correspondingdok) from the resonance
tongues contain both the librating (white regions), anduwtating (shaded regions) trajectories. The fixed pdhtsorrespond to a
saddle point or extrema of the integral of motie(¥, y).
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Fig. 3. Behavior of the resonant oscillations of the system undegga slow secular change of its eigenfrequencies. The defun
parametei- increases linearly with time so that the system graduallses through the resonance. The left panel shows the
trajectory of the system projected into the £)-disk. The right panel shows behavior of the amplitudéedencega = a, — ay,
(measured in arbitrary units) as a function of the ratio theeoved frequencie®* = w;/w;. Because of the slow changes in the
eigenfrequencies, the energy exchange between modesésanity symmetric and the total energy is redistributeaveen the
modes when the system passed the resonance.

The general fect of the resonance transition is illustrated In all cases the behavior of the system is qualitatively simi
by the example shown in Figufé 3. The eigenfrequencies adae the initial value of the detuning parameter corresysoiada
changed with constant rate(t) = o + o-t. The left panel shows point (o, E) outside the resonance tongue. Hence, $hé)¢disk
the evolution of the oscillations in the,¢)-disk and the right initially contains only circulating orbits. One of them isely
panel shows the observable quantities (i.e., the ratio séked followed by the system (the outer “circles” in the left pairel
frequenciesR* versus the amplitude fierencesa = a, — a,). Figure 3). The&-coordinate slightly oscillates in correspondence
These Figures are far; = —0.1w,, 0 = 3 x 10°w?2, where to a weak energy exchange between the modes. As the system
wy is the upper frequency in the exact resonance. The systemajproaches the resonance, the magnitude of these oeciflati
described bys = —u, = pwy = 5 andv = 9/4, and the initial increases gradually. Then the system enters into the resena
conditions are; = £(0) = 0.5,v; = y(0) = 0. The total energy tongue and the topology of the,€)-disk suddenly changes —
is fixed atE = 0.1. We also tried dferent rates of passage andhe librating trajectories appear. When the trajectoryhefdys-
different initial conditions. tem crosses the separatrix and enters the region of lilgrana

jectories, the energy exchange becomes asymmetric —hiee., t
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inflow of the energy into one of the modes exceeds the outflohable 1. Occurrence of solution with frequency-locking period
The system may escape from this region passing the separdtrisets of 200 solutions for flerent values of; andg. In each
again before it makes a single orbit (as in Hij. 3) or it can ls®t the initial value; is uniformly distributed between 0 and 1,
trapped in this region for longer time. A trapping in the m@gi while the other parameters are kept constant.

of librating orbits is accompanied by several changes o$itye

of y, and therefore by changes of the direction of orbiting in the =0 p=3 B=5 B =10

(v, &)-disk. The ratioR* of the observed frequencies oscillates ¥ =0 0 44 (22%) 64 (32%) 89 (48%)
around 1.5 [as follows from equation {11)]. When the system  yi=x/2 0 47 (24%) 60 (30%) 95 (48%)

leaves the resonance tongues and as it gets farther away from _ ¥ =7 0  43(22%) 60(30%) 88 (44%)

them, the energy exchange between modes becomes more sym-

metric and less apparent. The final fractional enefgfter the i )
passage is generallyfirent from the initial one;: the energy C€l0Se to a ratio of small integer numbers. Among the most-char
is redistributed due to the resonance. acteristic observable imprints of the internal resonanee(&

We note that the behavior of the amplitudes with respect fg<change of energy between the oscillations (ii) equalithe
ality factors of oscillations and (iii) locking of the flaency

the frequency ratio as shown in the right panel of Figure 3 ! OI'S |
similar to that reported for several atoll sour ). ratio of oscillations. Our work was devoted to the matheosati
libraPf the first and third phenomena.

_Anexample of a trajectory trapped in the region of the libre Some models of QPOs, which may support an internal res-

::rge s_gblis l_soszflz)wrg_lrllelggr’floéfégzh%pi\ri?(ite: of_thg Zg‘gtl%nance of the type described in this work have been described
- et ur 2 - TR = ' i i :

v = 9/4. The initial conditions ar¢; = 0.9,y; = 0 and the to- l/r\)hiscehcitlsot?]el.oknetmzsvgrriér\évi?\eeri(tpilr(]):ﬁg ((j)nly t;hel 3:2 resonatrlgle

tal energy isE = 0.1. Obviously, the nonlinearities adjust the e g '

observed frequencies so that their ratio oscillates arthedes- 20035 . 2008). The examination of other resoea

onance value 3:2 during the trapping period. ma};\ggudrr?irrlle ig ;gvi?sg)c%?;ri &aayr.] e of the eigenfrequencies of
We examined the stability of this process against changﬁ% g 9 9 q

- " - two coupled oscillators, we demonstrated that the grisrg
of the initial conditions and other parameters charadtegithe redistributed between the two oscillators when the systaessgs
passage through the resonance. Tiiiecés of changing the ini-

: o : . : hrough a resonance. Thifect can be seen in the change of the
}Al\ala?r?r]t?wlélor;iaar‘;(z;lrj?or??r:gidsltne r;[1h$v;(re(fet Speamgl tﬁ; Sgai ign in the amplitude dierence when the ratio of the eigenfre-
gain, P Y guencies ratio crosses a rational value, such as 3:2. Thift ie

—# ¢ = pu =5 andv = 9/4 and the initial detuning parameter, " . Jitative agreement with the observations for someroau

and the rate of change werey = —0.1w,, & = 3x 10 °w,. The
: : 0 - : . stars|(Torok 2008).
solutions trapped in the librating regions and showing tne A class of solutions exhibits a time interval during which

time an episode of what could be termed ‘frequency-locking’ : - .
are clearly separated from the others. These solutionstate q% frequency-locking of the two oscillations occurs. Thisree

common for smalk ;. In that case they are accompanied by si

gis_ponds to small oscillations of the actual frequencies radou
nificant exchanged energy. As the initial fractional energin- he ratio 3:2 over a (greater) range of eigenfrequency satio

creases they become rather exceptional. (Figure 4).
Although diferent for the solutions with and withoutAcknowledgements. This work was started at the Goteborg University and con-
frequency-locking, th&i—& dependence is fairly independent ofinued at MPA Garching. JH is greatful to prof. Chengmin Znéor useful dis-

initi O i ussions and acknowledges support of the grant€@20507/0052 and GAR
the initial phase functiory; as it can be seen from the left pane 0506/P415, PR is supported by the Pappalardo Fellowship at MIT\AA

O,f Figure 5, where the.50|uuons Wlthffhrentyi CorreSpond to was supported by the Polish Ministry of Education grant N@03 311466, WK
different symbols. Similarly, we also checked that the rateef thcknowledges partial support through grant 1P03D0053@Gahdias supported
transitiono has no significant influence on the resulting< s by the grant MSM4781305903.

plot.

The right panel of Figurel5 shows thfext of changing the
value of the paramet@t The redistribution of energy in the solu-
tions without the ‘frequency-locking’ period becomes mpre-  Abramowicz M.A., Kluzniak W., 2001, A&A, 374, L19
nounced as the value ¢f increases. In addition, the solutionAbramowicz M.A., Bulik T., Bursa M., Kluzniak W., 2003a, A&, 404, L21
with the ‘frequency locking’ period become more frequer(s Abi%mz\g/;cz M.A., Karas V., Kluzniak W., Lee W.H., RebuscoZ03b, PASJ,
Table[1). The valug = 0 corresponds to the case when there i§ras p., Blaes 0., Turner N.J., 2006, ApJ, 645, L65
no resonant coupling between the two oscillations, &nd &.  Blaes O.M., Arras P., Fragile P.C., 2006, MNRAS, 369, 1235
Of course, there are no ‘frequency-|0cked' solutions is t@ise. Blaes O.M.Sramkova E., Abramowicz M.A., Kluzniak W., Torkelsson Bug.

The dependence on the remaining parameters could be ggow' ApJ, 665, 642
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